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Abstract. - We are concerned with Dirichlet problems of the form
div(|Du|p−2Du) + f(u) = 0 in Ω, u = 0 on ∂Ω,
where Ω is a bounded domain of Rn, n ≥ 2, 1 < p < n and f is a continuous function with
supercritical growth from the viewpoint of the Sobolev embedding.
In particular, if n = 2 and γ : [a, b] → R2 is a smooth curve such that γ(t1) 6= γ(t2)
for t1 6= t2, we prove that, for ε > 0 small enough, there exists a unique solution of the
Dirichlet problem in the domain Ω = ΩΓε = {(x1, x2) ∈ R
2 : dist ((x1, x2),Γ) < ε}, where
Γ = {γ(t) : t ∈ [a, b]}.
Moreover, we extend this uniqueness result to the case where n > 2 and Ω is, for example, a
domain of the type
Ω = Ω˜Γε,s = {(x1, x2, y) : (x1, x2) ∈ Ω
Γ
ε , y ∈ R
n−2, |y| < s}.
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1 Introduction
In this paper we deal with nonlinear Dirichlet problems of the form
div(|Du|p−2Du) + f(u) = 0 in Ω, u = 0 on ∂Ω, (1.1)
where Ω is a bounded domain of Rn, n ≥ 2, 1 < p < n and f is a continuous function
that, for a suitable q > np
n−p
, satisfies the condition
t f(t) ≥ q
∫ t
0
f(τ)dτ ≥ 0 ∀t ∈ R (1.2)
(this means that f has a supercritical growth from the viewpoint of the Sobolev em-
bedding H1,p0 (Ω) →֒ L
q(Ω)).
It is well known that the existence of nontrivial solutions for problem (1.1) is strictly
related to the shape of Ω (see [2, 3]). For example, if Ω is an annulus there exist
infinitely many solutions (see f.i. [9]), while if Ω is star-shaped the problem has only
the trivial solution u ≡ 0 as a consequence of a Pohozaev type identity (see [28]).
In this paper our aim is to show that this uniqueness result may be extended to some
bounded contractible non star-shaped domains Ω that can be very different from the
star-shaped ones and even arbitrarily close to non contractible domains.
If n = 2, we construct these domains in the following way. Given a smooth curve
γ : [a, b] → R2 such that γ′(t) 6= 0 ∀t ∈ [a, b] and γ(t1) 6= γ(t2) for t1 6= t2, we set
Γ = {γ(t) : t ∈ [a, b]} and, for all ε > 0, we consider the domain Ω = ΩΓε defined by
ΩΓε = {(x1, x2) ∈ R
2 : dist ((x1, x2),Γ) < ε}. (1.3)
We prove that, for ε > 0 small enough, the Dirichlet problem (1.1) with Ω = ΩΓε has
only the trivial solution u ≡ 0 (see Theorem 2.1).
It is clear that ΩΓε is contractible for ε > 0 small enough. Moreover, it is not star-
shaped (unless Γ is a segment of a stright line) and it may be arbitrarily close to a non
contractible domain (because |γ(a)− γ(b)| may be arbitrarily small). This fact (as we
pointed out also in [15]) seems to suggest that for n = 2 we have existence of nontrivial
solutions when Ω is not contractible and nonexistence when Ω is contractible.
For n > 2 the situation is more complex because there exist contractible domains Ω,
even arbitrarily close to star-shaped domains, such that the problem has nontrivial
solutions (see for example [1–14, 17–30], where the effect of the domain shape on the
number of solutions is studied, answering some well-known questions posed by Brezis,
Nirenberg, Rabinowitz, etc.).
However, also for n > 2 we can obtain uniqueness results in bounded, contractible,
non star-shaped domains Ω of Rn, arbitrarily close to non contractible domains. For
example, we can consider domains of the type
Ω˜Γε,s = {(x1, x2, y) : (x1, x2) ∈ Ω
Γ
ε , y ∈ R
n−2, |y| < s} (1.4)
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and prove that, for ε > 0 small enough and s > 0, the Dirichlet problem (1.1) with
Ω = Ω˜Γε,s has only the trivial solution u ≡ 0 (see Theorem 3.3).
2 Uniqueness result in the case n = 2
The main result in the case n = 2 is presented in the following theorem.
Theorem 2.1 Assume that γ ∈ C3([a, b],R2), γ′(t) 6= 0 ∀t ∈ [a, b] and γ(t1) 6= γ(t2)
for t1 6= t2. Let Ω = Ω
Γ
ε be defined as in (1.3). Moreover, assume that 1 < p < 2 and
there exists q > 2p
2−p
such that condition (1.2) holds. Then, there exists ε¯ > 0 such that
the Dirichlet problem (1.1) has only the solution u ≡ 0 for all ε ∈ (0, ε¯).
The proof requires some preliminary results.
Since γ is a smooth curve such that γ′(t) 6= 0 ∀t ∈ [a, b] and γ(t1) 6= γ(t2) for t1 6= t2,
there exists ε¯1 > 0 such that Ω
Γ
ε¯1
is a contractible domain and, for all (x1, x2) ∈ Ω
Γ
ε¯1
,
there exists a unique t ∈ [a, b] satisfying dist ((x1, x2), γ(t)) = dist ((x1, x2),Γ). Without
any loss of generality, we can assume in addition that a ≤ 0 ≤ b and |γ′(t)| = 1
∀t ∈ [a, b]. Let us denote by γε¯1 : [a− ε¯1, b+ ε¯1]→ R
2 the curve such that
γε¯1(t) = γ(t) ∀t ∈ [a, b], γ
′
ε¯1
(t) = γ′(a) ∀t ≤ a, γ′ε¯1(t) = γ
′(b) ∀t ≥ b.
(2.1)
Moreover, let us set
T (t) = γ′ε¯1(t) =
(
γ′ε¯1,1(t), γ
′
ε¯1,2
(t)
)
, N(t) =
(
−γ′ε¯1,2(t), γ
′
ε¯1,1
(t)
)
∀t ∈ [a− ε¯1, b+ ε¯1].
(2.2)
Then, for all (x1, x2) in Ω
Γ
ε¯1
there exists a unique pair (t, r) ∈ R2 such that
t ∈ [a− ε¯1, b+ ε¯1], r ∈ [−ε¯1, ε¯1] and (x1, x2) = γε¯1(t) + rN(t). (2.3)
Since Γ ∈ C3([a, b],R2), we can consider in Ω
Γ
ε¯1
the vector field v = (v1, v2) ∈ C
1(Ω
Γ
ε¯1
,R2)
defined by
v(γε¯1(t)+rN(t)) = tT (t)[1−r γ
′′
ε¯1(t) ·N(t)]+rN(t) ∀t ∈ [a− ε¯1, b+ ε¯1], ∀r ∈ [−ε¯1, ε¯1].
(2.4)
In next lemma we describe the main properties of the vector field v.
Lemma 2.2 If the curve γ satisfies all the above required assumptions, the vector field
v ∈ C1(Ω
Γ
ε¯1,R
2) defined in (2.4) satisfies
a) v · ν > 0 on ∂ΩΓε ∀ε ∈ (0, ε¯1);
b) div v(γε¯1(t) + rN(t)) = 2−
r[tγ′′
ε¯1
(t)·N(t)]′
1−rγ′′
ε¯1
(t)·N(t)
∀t ∈ [a− ε¯1, b+ ε¯1], ∀r ∈ [−ε¯1, ε¯1],
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c) dv(γε¯1(t) + rN(t))[ξ] · ξ =
[
1−
r[tγ′′
ε¯1
(t)·N(t)]′
1−rγ′′
ε¯1
(t)·N(t)
]
ξ2T (t) + ξ
2
N(t) ∀ξ ∈ R
2, ∀t ∈
[a− ε¯1, b+ ε¯1], ∀r ∈ [−ε¯1, ε¯1], where ξT (t) = ξ · T (t) and ξN(t) = ξ ·N(t)
(here ν denotes the outward normal to ∂Ω
Γ
ε and dv[ξ] =
2∑
i=1
ξiDiv ∀ξ = (ξ1, ξ2) ∈ R
2).
Proof Taking into account that a ≤ 0 ≤ b, as we have assumed, property (a) is a
direct consequence of the choice of ε¯1 and the definition of Ω
Γ
ε and v.
In order to prove (b) and (c), notice that for all t ∈ [a− ε¯1, b+ ε¯1] and r ∈ [−ε¯1, ε¯1] we
have
dv(γε¯1(t) + rN(t))[N(t)] = −tγ
′′
ε¯1(t) ·N(t) T (t) +N(t), (2.5)
as one can verify by direct computation, and
dv(γε¯1(t) + rN(t))[T (t)] = [1− rγ
′′
ε¯1
(t) ·N(t)]−1
∂
∂t
v(γε¯1(t) + rN(t)) (2.6)
=
[
1−
r[tγ′′ε¯1(t) ·N(t)]
′
1− rγ′′ε¯1(t) ·N(t)
]
T (t) + tγ′′ε¯1(t) ·N(t)N(t)
because
∂
∂t
[γε¯1(t) + rN(t)] = [1− rγ
′′
ε¯1
(t) ·N(t)]T (t) (2.7)
(notice that [1− rγ′′ε¯1(t) ·N(t)] > 0 ∀t ∈ [a− ε¯1, b+ ε¯1] if ε¯1 is small enough).
Then (b) and (c) follow from (2.6) and (2.5).
q.e.d.
Lemma 2.3 If the curve γ satisfies all the above required assumptions, we have
lim
ε→0
max
{∣∣∣∣ r[tγ′′ε¯1(t) ·N(t)]′1− rγ′′ε¯1(t) ·N(t)
∣∣∣∣ : −ε ≤ r ≤ ε, t ∈ [a− ε, b+ ε]} = 0. (2.8)
Proof Since γ ∈ C3([a, b],R2), the maximum in (2.8) is achieved for all ε ∈ (0, ε¯1).
If it is achieved on the pair (tε, rε), we have lim
ε→0
tε = t¯ (up to a subsequence) for a
suitable t¯ ∈ [a, b] and lim
ε→0
rε = 0 (because |rε| ≤ ε). Then (2.8) follows easily.
q.e.d.
The following lemma generalizes Pohozaev identity.
Lemma 2.4 Assume that, for all ε ∈ (0, ε¯1), uε is a solution of the Dirichlet problem
div(|Duε|
p−2Duε) + f(uε) = 0 in Ω
Γ
ε , uε = 0 on ∂Ω
Γ
ε (2.9)
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and consider a vector field v = (v1, v2) ∈ C
1(Ω
Γ
ε ,R
2).
Then the following integral identity holds:(
1−
1
p
)∫
∂ΩΓε
|Duε|
pv · ν dσ = (2.10)
=
∫
ΩΓε
|Duε|
p−2dv[Duε] ·Duεdx+
∫
ΩΓε
div v
[
F (uε)−
1
p
|Duε|
p
]
dx,
where F (t) =
∫ t
0
f(τ)dτ ∀t ∈ R.
Proof From (2.9) we infer that∫
ΩΓ
ε
div(|Duε|
p−2Duε) v ·Duεdx+
∫
ΩΓ
ε
f(uε) v ·Duεdx = 0 (2.11)
which implies∫
∂ΩΓε
|Duε|
p−2(Duε ·ν)(v·Duε)dσ =
∫
ΩΓε
|Duε|
p−2Duε ·D(v·Duε)dx−
∫
ΩΓε
f(uε) v·Duεdx.
(2.12)
Since u ≡ 0 on ∂ΩΓε , we have Duε = (Duε · ν) ν and, taking into account the definition
of F , F (u) = 0 on ∂ΩΓε . As a consequence, we obtain∫
∂ΩΓ
ε
|Duε|
p−2(Duε · ν)(v ·Duε)dσ =
∫
∂ΩΓ
ε
|Duε|
pv · ν dσ (2.13)
and ∫
ΩΓ
ε
f(uε) v ·Duεdx =
∫
ΩΓ
ε
2∑
i=1
viDiF (uε)dx = −
∫
ΩΓ
ε
F (uε) div v dx. (2.14)
Finally, notice that∫
ΩΓε
2∑
i,j=1
vjDi,juε|Duε|
p−2Diuεdx =
1
2
∫
ΩΓε
2∑
i,j=1
vj |Duε|
p−2Dj |Diuε|
2dx
=
1
p
∫
ΩΓ
ε
2∑
j=1
vjDj|Duε|
pdx (2.15)
=
1
p
∫
∂ΩΓ
ε
|Duε|
pv · νdσ −
1
p
∫
ΩΓ
ε
div v|Du|pdx.
Thus, (2.10) follows combining (2.12), (2.13), (2.14), (2.15).
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Corollary 2.5 Let 1 < p < 2 and consider the vector field v ∈ C1(Ω
Γ
ε¯1
,R2) defined by
(2.4). Then, for all ε ∈ (0, ε¯1), every solution uε of the Dirichlet problem
div(|Duε|
p−2Duε) + f(uε) = 0 in Ω
Γ
ε , uε = 0 on ∂Ω
Γ
ε (2.16)
satisfies the inequality
0 ≤
[
1−
2
p
+
(
1 +
1
p
)
µ(ε)
]∫
ΩΓ
ε
|Duε|
pdx+
∫
ΩΓ
ε
(div v)F (uε) dx, (2.17)
where µ(ε) = max
{∣∣∣ r[tγ′′ε¯1 (t)·N(t)]′1−rγ′′
ε¯1
(t)·N(t)
∣∣∣ : −ε ≤ r ≤ ε, t ∈ [a− ε, b+ ε]}.
The proof follows directly from Lemma 2.2 and Lemma 2.4.
Proof of Theorem 2.1 First notice that assumption (1.2) implies f(0) = 0, so the
problem has the trivial solution u ≡ 0 for all ε ∈ (0, ε¯1). In order to prove that this
solution is unique for ε small enough, for all ε ∈ (0, ε¯1) let us consider a solution uε of
problem (1.1). Taking into account condition (1.2), from Lemma 2.2 and Corollary 2.5
we obtain
0 ≤
[
1−
2
p
+
(
1 +
1
p
)
µ(ε)
]∫
ΩΓ
ε
|Duε|
pdx+ [2 + µ(ε)]
1
q
∫
ΩΓ
ε
uεf(uε)dx. (2.18)
Moreover, we have ∫
ΩΓ
ε
uεf(uε)dx =
∫
ΩΓ
ε
|Duε|
pdx (2.19)
because uε solves the Dirichlet problem (1.1). Therefore, (2.18) implies
0 ≤
[
1−
2
p
+
2
q
+
(
1 +
1
p
+
1
q
)
µ(ε)
]∫
ΩΓ
ε
|Duε|
pdx. (2.20)
Since lim
ε→0
µ(ε) = 0 (as follows from Lemma 2.3) and 1 − 2
p
+ 2
q
< 0 because q > 2p
2−p
,
there exists ε¯ ∈ (0, ε¯1) such that
1−
2
p
+
2
q
+
(
1 +
1
p
+
1
q
)
µ(ε) < 0 ∀ε ∈ (0, ε¯). (2.21)
Therefore, if ε ∈ (0, ε¯) and uε is a solution of the Dirichlet problem in Ω
Γ
ε , we must
have ∫
ΩΓ
ε
|Duε|
pdx = 0 (2.22)
that is uε ≡ 0 in Ω
Γ
ε . Thus, for all ε ∈ (0, ε¯), the problem has only the solution u ≡ 0.
q.e.d.
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Let us point out that Theorem 2.1 still holds if we replace the smooth domain Ω = ΩΓε
by the piecewise smooth domain
DΓε = {γ(t) + r N(t) : t ∈ (a, b), |r| < ε}. (2.23)
In this case, for the proof it is sufficient to apply the integral identity given by Lemma
2.4 with the vector field v defined in (2.4) and to proceed as for the proof of Theorem
2.1, taking into account that v · ν ≥ 0 on ∂DΓε .
3 The case n > 2
In Section 2, we proved that the Pohozaev type result for star-shaped domains can be
extended to a large class of contractible non star-shaped domains of R2 so that the
natural question arises whether or not for n = 2 this nonexistence result holds in all
the contractible domains.
Let us point out that the analogous question posed by Brezis for n ≥ 3 has negative
answer, because there exist contractible domains of Rn with n ≥ 3, even arbitrarily
close to non star-shaped domains, such that the problem has nontrivial solutions. This
means that the existence of nontrivial solutions is related not only to the topological
but also to the metric properties of Ω.
For example, for all n ≥ 2, α ∈ R and d ∈ (0, 1), let us consider the bounded con-
tractible domain Dα,dn defined by
Dα,dn =
x = (x1, . . . , xn) ∈ Rn : 1− d < |x| < 1 + d, xn < α
(
n−1∑
i=1
x2i
)1/2 . (3.1)
Then the following proposition holds (it is a particular case of some existence and
multiplicity results obtained in [12–14, 18, 20, 23, 26, 27])
Proposition 3.1 Let n ≥ 3, d ∈ (0, 1) and q ≥ 2n
n−2
.
Then, there exists α¯ ∈ R such that, if α ≥ α¯, the Dirichlet problem
∆u+ |u|q−2u = 0 in Dα,dn , u = 0 on ∂D
α,d
n (3.2)
has positive and sign changing solutions. Moreover, as α→ +∞, these solutions tend
to 0 and their number tends to infinity.
On the contrary, if n = 2, 1 < p < 2 and condition (1.2) holds for q > 2p
2−p
, the result
obtained in Section 2 guarantees in particular that there exists ε¯ ∈ (0, 1) such that
Problem (1.1) with Ω = Dα,d2 has only the trivial solution u ≡ 0 for all the pairs (α, d)
such that α ∈ R and d ∈ (0, ε¯).
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Notice that the contractible domain Dα,dn tends as α → +∞ to the annulus A
d
n =
{x ∈ Rn : 1 − d < |x| < 1 + d}, which is non contractible in itself. Thus, in the
contractible domains Dα,dn , which are arbitrarily close to non contractible domains for
α large enough, there exists only the trivial solution u ≡ 0 if n = 2, while there exist
many nontrivial solutions if n > 2.
Moreover, we have the following proposition where we gather some existence and mul-
tiplicity results that are particular cases of more general results obtained in [10, 12, 13]
etc..
Proposition 3.2 Let n ≥ 3, α > 0, d ∈ (0, 1) and consider the domain Dα,dn defined
in (3.1).
Then there exists q¯ ≥ 2n
n−2
and ε¯ > 0 such that problem (1.1) with Ω = Dα,dn has
solutions for all q ≥ q¯ and for all q ∈
(
2n
n−2
, 2n
n−2
+ ε¯
)
.
Moreover, these solutions tend to 0 as q →∞ and q → 2n
n−2
, while their number tends
to infinity.
Notice that the domain Dα,dn is non star-shaped if α > 0 while if α < 0 it is star-shaped
for d close to 1, so the problem has only the trivial solution u ≡ 0 (this means that the
result given in Proposition 3.2 is sharp for what concerns the assumption on α).
Next theorem (which extends Theorem 2.1 to the case n ≥ 3) shows that, as for
n = 2, also for n ≥ 3 there exist suitable contractible non star-shaped domains, even
arbitrarily close to non contractible domains, such that the problem has only the trivial
solution u ≡ 0 (see also [16] for related results). Taking into account Proposition 3.1, it
is clear that these domains and the contractible domains Dα,dn with α large must have
quite different geometrical properties (as we explain in Remark 3.6).
Theorem 3.3 Let n > 2, 1 < p < n, and assume that condition (1.2) holds for
a suitable q > np
n−p
. Let Γ and ΩΓε be as in Theorem 2.1 and consider the domains
Ω = Ω˜Γε,s defined in (1.4). Then, there exists ε˜ > 0 such that the Dirichlet problem
(1.1) has only the trivial solution u ≡ 0 for all the pairs (ε, s) such that ε ∈ (0, ε˜) and
s > 0.
In order to prove Theorem 3.3, we proceed as in Section 2, but now we use the vector
field v˜ = (v˜1, . . . , v˜n) ∈ C
1(Ω˜Γε,s,R
n) defined by
v˜(γε¯1(t) + rN(t), y1, . . . , yn−2) = (tT (t)[1− r γ
′′
ε¯1
(t) ·N(t)] + rN(t), y1, . . . , yn−2)
∀t ∈ [a− ε¯1, b+ ε¯1], ∀r ∈ [−ε¯1, ε¯1], ∀(y1, . . . , yn−2) ∈ R
n−2. (3.3)
Then, Lemma 2.2 has to be modified as follows.
Lemma 3.4 If γ is as in Lemma 2.2, the vector field v˜ satisfies
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a) v˜ · ν˜ > 0 on ∂Ω˜Γε,s ∀ε ∈ (0, ε¯1) ∀s > 0 where ν˜ denotes the outward normal to
∂Ω˜Γε,s;
b) div v˜(γε¯1(t) + rN(t), y) = n −
r[tγ′′
ε¯1
(t)·N(t)]′
1−rγ′′
ε¯1
(t)·N(t)
∀t ∈ [a − ε¯1, b + ε¯1], ∀r ∈ [−ε¯1, ε¯1],
∀y ∈ Rn−2;
c) dv˜(γε¯1(t)+rN(t), y)[ξ, ψ]·(ξ, ψ) =
[
1−
r[tγ′′
ε¯1
(t)·N(t)]′
1−rγ′′
ε¯1
(t)·N(t)
]
ξ2T (t)+ξ
2
N(t)+|ψ|
2 ∀t ∈ [a−
ε¯1, b+ ε¯1], ∀r ∈ [−ε¯1, ε¯1], ∀y ∈ R
n−2, ∀ξ ∈ R2, ∀ψ ∈ Rn−2, where ξT (t) = ξ · T (t)
and ξN(t) = ξ ·N(t).
Proof Property (a) follows directly from the definition of v˜ and Ω˜Γε,s (which is a
piecewise smooth domain).
The proof of (b) and (c) is as in Lemma 2.2 taking also into account that
dv˜(γε¯1(t) + rN(t), y)[0, ψ] = (0, ψ) (3.4)
as one can verify by direct computation.
q.e.d.
Lemma 2.3, Lemma 2.4, Corollary 2.5 and their proofs require only obvious modi-
fications that take into account Lemma 3.4. In particular, the inequality (2.17) in
Corollary 2.5 becomes now
0 ≤
[
1−
n
p
+
(
1 +
1
p
)
µ(ε)
]∫
Ω˜Γ
ε,s
|Du˜ε|
pdx+
∫
Ω˜Γ
ε,s
(div v˜)F (u˜ε) dx (3.5)
for all solutions u˜ε of the Dirichlet problem in the domain Ω˜
Γ
ε,s and, as a consequence,
the inequality (2.20) becomes
0 ≤
[
1−
n
p
+
n
q
+
(
1 +
1
p
+
1
q
)
µ(ε)
]∫
Ω˜Γ
ε,s
|Du˜ε|
pdx. (3.6)
Then, since 1 − n
p
+ n
q
< 0 for q > np
n−p
, the proof of Theorem 3.3 may be carried out
following the same procedure as in the proof of Theorem 2.1.
Remark 3.5 Notice that in the domains Ω˜Γε,s arising in Theorem 3.3 only ε is required
to be small while s may be arbitrarily large. This means that these domains are
thin only in one dimension (while the domains considered in [16] are thin in n − 1
dimensions).
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Moreover, taking into account the definition of the vector field v˜ used in the proof of
Theorem 3.3, one can verify by direct computation that this theorem still holds if the
domains Ω˜Γε,s are replaced by the more general domains
Ω˜Γ,Σε,s = {γ(t) + r N(t) + (0, 0, y) : t ∈ (a, b), |r| < ε, y ∈ R
n−2, |y| < s, (r, y) ∈ Σ}
(3.7)
where Σ is a domain of Rn−1, star-shaped with respect to the origin. In particular,
Theorem 3.3 holds for the domains Ω = D˜Γε,s defined by
D˜Γε,s = {γ(t) + r N(t) + (0, 0, y) : t ∈ (a, b), |r| < ε, y ∈ R
n−2, |y| < s} (3.8)
(that are obtained, for example, when Σ = Rn−1 in (3.7)).
In fact, for the proof, we need only to verify that property (a) in Lemma 3.4 still holds
if Ω˜Γε,s is replaced by Ω˜
Γ,Σ
ε,s .
Notice that the class of the domains Ω˜Γ,Σε,s includes also domains of the form
D˜αd,s{(x1, x2, y) ∈ R
n : (x1, x2) ∈ D
α,d
2 , y ∈ R
n−2, |y| < s} (3.9)
that are obtained when in (3.7) γ is an arc of circumference and Σ = Rn−1.
Remark 3.6 In order to explain the sense of these results in the framework of the
study of the effect of the domain shape on existence and nonexistence of nontrivial
solutions for nonlinear elliptic problems with critical and supercritical growth, let us
recall that the results obtained in [12–14, 18, 20, 23, 26, 27] suggest that the number
of nontrivial solutions for these problems is related to the property that the domain Ω
can be obtained by removing a subset of small capacity from a domain having different
k-dimensional homology group with k ≥ 2.
Thus, the existence and multiplicity result in the domains of the form Dα,dn with n ≥ 3
and α large enough, given by Proposition 3.1, is related to the fact that the con-
tractible domain Dα,dn tends as α→ +∞ to the annulus A
d
n which has different (n−1)-
dimensional homology group (with n − 1 ≥ 2) and the capacity of Adn \ D
α,d
n tends to
0 as α→ +∞.
On the contrary, the contractible domains Dα,d2 and D˜
α
d,s (see Remark 3.5) tend as
α → +∞ to non contractible domains where only the 1-dimensional homology group
is nontrivial; moreover, these domains do not differ from their limit domains by sets
whose capacities tend to 0 as α → +∞. These facts explain the deep reason of the
nonexistence results given by Theorems 2.1 and 3.3.
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